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Max-stable processes are an analogue of max-
stable distributions in a spatial setting. They are
a mathematically motivated limiting process used to
approximate block-maxima in time over space. In this
capacity, they have become a first benchmark when
answering questions on extremes that have a geosta-
tistical nature. We summarize major developments
of the last decades, covering theoretical properties,
models and tools for inference. An indicative applica-
tion demonstrates practical uses alongside hints where
caution is needed. We close with some concluding re-
marks.

1 Introduction

Questions about the frequency and severity of adverse
rare events come up naturally within the design of
safety-critical infrastructure or contingency planning.
And often they will not be limited to one or several
variables of interest, but may have a geostatistical
nature. Consider for instance the following two hy-
pothetical situations:

Joint temperature exceedance Health officials
are concerned about the probability that three
regions with a particularly vulnerable popu-
lation experience a temperature above 40◦C
within the same fortnight in summer. Current
emergency resource plans are only fit for pur-
pose if at most two of the three regions were
affected at the same time. It is advised that
plans need to be adapted if there is a higher
than 2.5% chance of such an event during one
summer.

Wind speeds across a bridge The construction
manager of a large bridge with design life of
150 years needs advice about the strength of
wind gusts which the bridge will be exposed
to. Assuming that wind speeds are relatively
heterogeneous across time, what would be the
daily maximum wind speed across the entire
bridge that one would expect to occur once in
1000 years? The regulatory framework demands
that the bridge should be able to withstand such
an event.

Both situations have in common that variables of
interest (wind speeds or temperatures) can only be
measured for a few scattered sites within the region

of interest or closeby at a certain frequency. It is likely
that in the past data have only been collected system-
atically at even fewer sites than exist today or even
less frequently than today or are available only in ag-
gregated form across time or space. On the other hand
the practical questions involve information across the
entire structure or region. They can be expressed via
distributions of spatial maxima within a given time
frame (daily maximal windspeed across the bridge,
joint distribution of summer fortnightly temperature
maxima across the regions).

In addition, the extreme events of interest (a joint
exceedance of 40◦C, a “one in 1000 years” event) are
rare and likely not to be found within the range of
the available data. This renders classical geostatis-
tics built on classical theory of covariance models
and Gaussian processes an inadequate companion for
modelling of such situations. Instead, these prob-
lems fall into the remit of an area that we nowadays
call spatial extremes. Essential reviews for this ac-
tive area of research include [2, 24, 23, 18, 66]. Nat-
urally, the “maxima-versus-threshold exceedances”
paradigm from univariate and multivariate extreme
value analysis (cf. Chapters 2 and 7) has its analog in
spatial extremes. This chapter is concerned with the
spatial maxima approach, cf. Chapter 16 for spatial
threshold approaches.

There is one more important commonality of the
two situations above, namely that a high degree of de-
pendence among extreme outcomes is to be expected
across different locations. For instance, large wind
speeds at both ends of the bridge within a day will
likely originate from the same storm or weather pat-
tern. Likewise, a heatwave is likely to affect a large
part of a country or continent during the same fort-
night. This means, we anticipate encountering a phe-
nomenon called asymptotic dependence between dif-
ferent sites of interest, cf. also Chapter 8. To be pre-
cise, let us denote the region of interest by S in what
follows. In mathematical terms, we will consider S a
compact subset of Rd. In geostatistics d = 2 or d = 3
are common.

Definition 1.1. Two variables X(s1) and X(s2) at
sites s1, s2 ∈ S, which have distribution functions Fs1

and Fs2
that are eventually continuous and strictly

monotone, are called asymptotically dependent if the
tail dependence measure

χ(s1, s2) = lim
q↑1

P
{
X(s1) > F−1

s1
(q) |X(s2) > F−1

s2
(q)

}
1
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is larger than zero.

This chapter deals with modelling of extremal
phenomena arising from a spatial process X =
{X(s)}s∈S that exhibits spatial asymptotic depen-
dence using max-stable processes. It is a first impor-
tant benchmark in spatial extremes. We will explain
how such an approach can be used to address practi-
cal questions such as the ones stated above. What is
essential for the block maxima approach to be eligi-
ble is that the practical problem of interest needs to
have a formulation in terms of the distribution of the
maxima process

MX
n (s) = max

{
X1(s), X2(s), . . . , Xn(s)

}
, s ∈ S

of repeated observations Xi of X. Many textbooks
advise (for good reasons) to look at annual maxima,
which means that n is chosen so that {1, . . . , n} rep-
resents an entire year (or season within a year). We
would like to point out here that this does not nec-
essarily need to be the case and may in fact lead to
inefficient use of data in many situations. In Section 4
we will reflect on the choice of block size and what to
consider for a sensible decision.

Naturally, many environmental processes will re-
quire both, spatial and temporal modelling on the
scales of interest. In this chapter we deliberately
focus on the spatial component with rather simplis-
tic assumptions on time aspects. However, especially
when climate is shifting, taking this into account in
the modelling requires expert knowledge and should
not be ignored. After all, we involve such techniques
in order to draw conclusions for extrapolations on ex-
tremes in time. We need to be aware that the notion
of a “one in 1000 years” event is only meaningful in a
stationary climate and the notion of design life level
has been proposed as an easier interpretable way of
risk communication [109]. Chapter 18 is devoted to
the ongoing research topic of space-time modelling of
extremes. Nevertheless, techniques will often be based
on a combination of purely temporal or purely spatial
processes as a building block. This chapter is, as a
starting point, concerned with the generalization of
the block maxima paradigm for spatial processes.

2 Theory

The fundamental observation that typically justifies
the approximation of a maxima process MX

n by a
max-stable process for large enough n ∈ N is the fol-
lowing. Let Xi, i ≥ 1, be independent copies of a
spatial stochastic process X = {X(s)}s∈S . If there
exist suitable normalizing functions µn : S → R and
σn : S → [0,∞), such that the sequence of stochastic
processes {

MX
n (s)− µn(s)

σn(s)

}
s∈S

(1)

converges in distribution to a stochastic process Z =
{Z(s)}s∈S as n → ∞, then the process Z will be
max-stable, cf. [28, 32].

Definition 2.1. A stochastic process Z = {Z(s)}s∈S
is max-stable if for every n ∈ N and Z(1), . . . , Z(n)

independent copies of Z, there exist normalizing func-
tions an : S → R and bn : S → [0,∞), such that the
maxima process

MZ
n (s) = max

{
Z(1)(s), Z(2)(s), . . . , Z(n)(s)}, s ∈ S,

has the same distribution as {an(s)+ bn(s)Z(s)}s∈S .

2.1 Marginal standardization

In the most general situation, a max-stable process
Z = {Z(s)}s∈S is a collection of random variables
such that all multivariate marginal distributions are
max-stable. That is, the distribution of each random
vector (Z(s1), Z(s2), . . . , Z(sm))T, where Z is eval-
uated at m sites s1, s2, . . . , sm ∈ S, is max-stable
in the multivariate sense, cf. Chapter 7. In partic-
ular, the univariate marginal distributions of Z are
either degenerate to a point mass or GEV distribu-
tions, cf. Chapter 2. We will assume henceforth that
our limiting distributions are non-degenerate and so
only GEV distributions arise as univariate marginals.

Let us denote the extreme value index of X(s) by
ξ(s). Then the normalizing functions in (1) can be
chosen to ensure that the marginal distributions of Z
are standardized to

Z(s) ∼ GEV(0, 1, ξ(s)).

In practice, the convergence of (1) amounts to the
approximation of the process MX

n by the max-stable
process Zn, where

Zn(s) = µn(s) + σn(s)Z(s), s ∈ S.

By our choice of standardization

Zn(s) ∼ GEV(µn(s), σn(s), ξ(s)),

and the location, scale and shape parameter functions
(µn, σn, ξ) are typically estimated from realizations of
MX

n , cf. Section 4.
Besides taking care of marginal distributions of

Zn, we need to understand its dependence structure
if we want to understand the joint distribution of
the entire process Zn. This will give us insight, how
likely joint extreme events within the region of inter-
est are. In the spirit of Sklar’s theorem and copula
modelling, it is convenient to separate marginal and
dependence modelling among multivariate and spatial
extreme value distributions, at least when develop-
ing the theory, cf. also Chapter 7. Structural results
about max-stable processes are typically easier to for-
mulate when they have identical univariate marginal
distributions. The most common choices in the lit-
erature are standard Gumbel margins (GEV(0, 1, 0))
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or standard Fréchet margins (GEV(1, 1, 1)); we will
adopt the latter convention here.

The marginally transformed process

Z∗(s) =
{
1 + ξ(s)Z(s)

}1/ξ(s)

=

{
1 + ξ(s)

Zn(s)− µn(s)

σn(s)

}1/ξ(s)

, s ∈ S,

has standard Fréchet margins and is therefore called
a simple max-stable process. Conversely, the origi-
nal process Zn can be retrieved from the simple max-
stable process Z∗ via the order-preserving transfor-

mation

Zn(s) = µn(s) + σn(s)
Z∗(s)ξ(s) − 1

ξ(s)
, s ∈ S. (2)

2.2 Spectral representation

The following fundamental theorem characterizes con-
tinuous simple max-stable processes through a Pois-
son point process representation and can be traced
back to the seminal contributions of [28, 136, 31, 84,
52]. In order to distinguish it from other represen-
tations, it is also referred to as de Haan’s spectral
representation, as it appears in [28] for the first time.

Z
∗
(s
)

s

Figure 1: Conceptual illustration of de Haan’s spectral representation (Theorem 2.1). Black dots on the left are
inverted arrival times (Γ−1

k )k≥1; grey lines represent the spatial profiles of the products (Γ−1
k Vk)k≥1; coloured

lines of different type show how different profiles contribute to the resulting maximum process Z∗.

Theorem 2.1 (Spectral representation/LePage rep-
resentation of continuous simple max-stable pro-
cesses). A continuous stochastic process Z∗ =
{Z∗(s)}s∈S is simple max-stable if and only if it can
be represented in distribution as

Z∗(s) = max
k≥1

Vk(s)

Γk
, s ∈ S,

where (Γk)k≥1 are the arrival times of a unit rate
Poisson process on (0,∞) and (Vk)k≥1 are inde-
pendent markings following the law of a continuous
stochastic process V = {V (s)}s∈S , which is almost
surely non-negative and satisfies E{V (s)} = 1 for all
s ∈ S.

A memorable interpretation of the spectral rep-
resentation of Z∗ goes as follows [123, 130], cf. also
Figure 1: The collection of (Γ−1

k Vk)k≥1 are potential
storms affecting the region S, where the multiplicator
1/Γk ∈ (0,∞) determines the severity (or magnitude)

of a storm and Vk = {Vk(s)}s∈S determines its spatial
profile across the region S. Each Vk could affect, for
instance, the entire region S or just a small propor-
tion of it. Eventually, when all storms have passed,
only the maximum storm at each site s ∈ S counts
towards the process Z∗. For each site s ∈ S only the
most severe storm is relevant in the aggregation.

The finite-dimensional distribution of the simple
max-stable process Z∗ with spectral process V are
given by

− log P{Z∗(si) ≤ ui for i ∈ {1, . . . ,m}}

= − log P

{
̸ ∃ k ≥ 1 : max

i=1,...,m

Vk(si)

ui
> Γk

}
=

∫ ∞

0

P

{
max

i=1,...,m

V (si)

ui
> r

}
dr

= E

{
max

i=1,...,m

V (si)

ui

}
(3)

for s1, . . . , sm ∈ S and u1, . . . , um > 0.
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While such a spectral representation as in Theo-
rem 2.1 always exists, one needs to be careful, as it is
far from being unique. Stochastic processes V and V ′

with different laws may lead to the same law of Z∗.
It is only the law of the Poisson point process of the
products (Γ−1

k Vk)k≥1, which is uniquely determined
by the law of Z∗.

Unique spectral process by a homogeneous
functional Instead, uniqueness of the spectral pro-
cess V can only be artificially achieved by imposing
a normalizing condition, cf. [41]. Consider a non-
negative measurable functional r, which satisfies

r(λf) = λr(f) for f ≥ 0 continuous, λ > 0,

i.e. r is 1-homogeneous. For instance, r(f) can
be sups∈S(f(s)g(s)) or

∫
S f(s)g(s)ds for a bounded

measurable weight function g on S. Given such a
functional r, and assuming that r(V ) > 0 almost
surely for some spectral process V , there exists al-
ways a (distributionally) unique spectral process V r

that satisfies

r(V r) = cr for a constant cr > 0.

The constant cr is then necessarily given by

cr = E{r(V )} = lim
u→∞

uP{r(Z∗) > u}, (4)

where V is any spectral process of Z∗. In fact, V r

can be obtained from V by the measure transform

V r = cr
Ṽ r

r(Ṽ r)
, (5)

where

P{Ṽ r ∈ dv} =
r(v)

cr
P{V ∈ dv}. (6)

Some of these representations turn out to be con-
venient for the simulation of max-stable processes,
cf. Section 5. The condition r(V ) > 0 almost surely
is always satisfied if r is a norm. The functional r is
also considered as risk functional for the definition of
Pareto processes (see Chapter 16).

Generalizations In Theorem 2.1 it is also possible
to consider more general spaces than compact subsets
of Rd and more general regularity conditions instead
of continuity. For instance, [99] considers continuous
paths on R instead of continuous paths on a com-
pact set S; continuity/separability in probability are
considered in [128, 127, 142] from an alternative but
essentially equivalent perspective of extremal integral
representations, whereas [106, 80, 110] draw attention
to upper-semicontinuous paths, cf. also [25] for more
general LePage series for strictly stable distributions.
In practice, continuity of stochastic processes that
model physical processes is a standard assumption.
The inclusion of a nugget effect has been addressed in
the Reich–Shaby model, cf. Section 3.4.

2.3 Max-domain of attraction

If the convergence of the maxima process MX
n =

{MX
n (s)}s∈S with suitable normalization as in (1) to

a max-stable process Z = {Z(s)}s∈S holds, we say
that the process X lies in the max-domain of attrac-
tion of the max-stable process Z. Let Z be a given
max-stable process. We have seen above that we may
assume without loss of generality that Z is in standard
form

Z(s) =
Z∗(s)ξ(s) − 1

ξ(s)
, s ∈ S.

Naturally, the question arises if we can find conditions
on X, which guarantee the convergence of (1) to Z,
but where we can separate the role of marginal fea-
tures of X (characterized by ξ in the limit Z) from
the role of dependence features of X (characterized
by Z∗ in the limit Z). This is indeed the case, cf. [30]
and [29, Section 9.5].

To make this precise, let X∗ be the transformation
of the process X to standard Pareto margins, that is,

X∗(s) =
1

1− Fs{X(s)}
, s ∈ S.

Then, analogously to the multivariate theory, the con-
vergence (1) is equivalent to the convergence of all
marginal distributions of (1) to the marginal distri-
butions of Z (uniformly in s ∈ S) together with the
distributional convergence of the standardized max-
ima process {

1

n
MX∗

n (s)

}
s∈S

,

to the simple max-stable process Z∗ as n → ∞.

Moreover, we know that in the univariate and
multivariate setting convergence of the maxima and
convergence of threshold exceedances are equivalent.
Such links can also be derived in the functional set-
ting. In particular, the convergence (1) is equivalent
to the convergence of{

X(s)− µn(s)

σn(s)

}
s∈S

conditional on sup
s∈S

X(s)− µn(s)

σn(s)
> 0

to a generalized Pareto process as n → ∞, cf. [47] and
Chapter 16.

Especially in the heavy-tailed case, when ξ(s) =
ξ = 1/α > 0 for all s ∈ S, the max-domain of attrac-
tion theory links further conveniently with the con-
cepts of functional regular variation and convergence
of point processes [59, 20]. These connections have
been neatly summarized in [41, Theorem 1] for heavy-
tailed non-negative processes X. The marginally
standardized process X∗ falls into this framework
with α = 1. Loosely speaking, the convergence of
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the standardized maxima process MX∗

n /n to the sim-
ple max-stable process Z∗ is equivalent to the conver-
gence of the collection of normalized i.i.d. processes{

1

n
X∗

i : i = 1, 2, . . . , n

}
to the Poisson point process of the storm processes
{Γ−1

k Vk : k ≥ 1} as n → ∞.

2.4 Dependence measures & mixing
properties

We have seen that the distribution of a max-stable
process Z = {Z(s)}s∈S can be decomposed into (i)
the marginal GEV distributions as characterized by
the extreme value indices ξ(s) ∈ R, s ∈ S, and (ii)
the residual dependence information as given by the
simple max-stable process Z∗ = {Z∗(s)}s∈S . Still,
the space of all possible simple max-stable processes
is huge. In practice, guiding summary measures are
needed to navigate the information contained in Z∗,
cf. Chapter 8.

To begin with, recall the normalization procedure
for the spectral representation from Section 2.2. If
r(f) = sups∈A f(s), the constant cr from (4) is also
called extremal coefficient ,

θA = E
{
sup
s∈A

V (s)
}
,

associated with the set A ⊂ S. The coefficient θA
can be interpreted as the effective number of inde-
pendent variables among the collection {Z∗(s)}s∈A.
Naturally, θ{s} = 1 for a one-point set {s}. For two-
point sets {s1, s2} the extremal coefficient

θ(s1, s2) = θ{s1,s2} = E
[
max{V (s1), V (s2)}

]
ranges between 1 and 2. If θ(s1, s2) = 1 this means
that Z∗(s1) and Z∗(s2) are almost surely equal, while
θ(s1, s2) = 2 means that they are independent.

Even if we knew all extremal coefficients θA, say
for all compact sets A ⊂ S, this information would
not suffice in order to retrieve the distribution of Z∗,
cf. [80]. However, knowledge of extremal coefficients
restricts the potential dependence structures already
significantly, a circumstance, which has been used in
[147] for building distributionally robust inference for
functionals of the spectral process (albeit in a mul-
tivariate situation rather than spatial and from the
angle of regular variation).

If a spatial process X lies in the max-domain of
attraction of a max-stable process Z, whose marginal
transformation to a simple max-stable process is Z∗,
then the bivariate tail dependence measure χ(s1, s2)
of X (cf. Definition 1.1) and the bivariate extremal
coefficient θ(s1, s2) are related by

χ(s1, s2) + θ(s1, s2) = 2.

This means χ(s1, s2) = E[min{V (s1), V (s2)}]. Alter-
natively, it can be convenient to express these quan-
tities as χ = 1− δ and θ = 1 + δ, where

δ(s1, s2) = E|V (s1)− V (s2)|.

In practice, the underlying simple max-stable process
Z∗ is typically assumed to be stationary in space.
Then the extremal coefficient θ(s1, s2) and tail de-
pendence coefficient χ(s1, s2) depend only on the dif-
ference h = s1 − s2 ∈ Rd. By a slight abuse of nota-
tion we write only the difference argument and write
θ(h) = θ(s1 − s2) in the extremal coefficient function
or χ(h) = χ(s1 − s2) in the tail dependence func-
tion if Z∗ is stationary. The quantity χ can also be
seen as a special case of the spatial extension of the
extremogram [21].

The (bivariate) extremal coefficient function θ is
often used as a diagnostic tool in statistical inference
for max-stable processes, cf. Section 6. Within im-
portant modelling classes, cf. Section 3, dependence
models for Z∗ can be identified via their bivariate ex-
tremal coefficient function θ. One should however be
aware that θ (equivalently χ) cannot distinguish be-
tween different modelling classes, cf. [129].

Ergodicity and mixing properties For station-
ary max-stable processes on Rd (or Zd), the tail de-
pendence function χ contains information about er-
godicity and mixing properties of the respective max-
stable process. Such properties are generally useful
in order to derive limit theorems for estimators; they
tell us how much one can expect to learn from a few
(a single) realization of a process on an observation
window.

Ergodicity and mixing properties for stationary
max-stable (and more generally max-infinite divisi-
ble) processes were studied by [127, 72, 37, 141, 40]
under slightly different regularity conditions. A sta-
tionary simple max-stable process Z∗ = {Z∗(t)}t∈T ,
T = Rd or T = Zd, is mixing if and only if

χ(h) → 0 as ∥h∥ → ∞,

whereas Z∗ is weakly mixing if and only if it is ergodic
if and only if χ converges to 0 in a Cesáro sense, that
is, ∫

WR
χ(h)dh∫

WR
dh

→ 0 for R → ∞,

where WR = [−R,R]d (or WR = {−R, . . . , R}d in
the discrete case) and the integration is with respect
to the Lebesgue-measure (or counting measure in the
discrete case).

Some interesting connections to the time change
theory for regularly varying time series have been de-
rived in [101, 68], whilst [87] study implications for
long-memory behaviour and statistical properties of
tail dependence estimators.
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3 Models

When specifying a class of models of max-stable pro-
cesses, we need to specify (i) a spatial model for the
GEV margins and (ii) a dependence model, i.e. a
model for the underlying simple max-stable process
Z∗. In this section, we will focus on the latter task
(ii).

The spectral representation from Theorem 2.1 is
again useful in this context, as it leads directly to
a universal construction principle. Just pick any
stochastic process V = {V (s)}s∈S that satisfies the
integrability condition E{V (s)} = 1 for all s ∈ S. Let
(Γk)k≥1 be the unit rate Poisson process on (0,∞) and
consider independent markings (Vk)k≥1 drawn from
V . Then the resulting process

Z∗(s) = max
k≥1

Γ−1
k Vk(s), s ∈ S, (7)

is simple max-stable.
However, will it have other useful properties con-

sidered essential or desirable in (geo-)statistical prac-
tice? For instance, for which choices of V will the
model Z∗ for residual extremal dependence be sta-
tionary?

Stationarity When proposing spatial max-stable
models, stationarity of the model is usually a mini-
mal requirement – at least as a starting point, from
which more complex models can be built if desired.

Clearly, if V is stationary, so is Z∗. This is the
case in the construction of the extremal-t process
(Section 3.3 below). It leads automatically to some
strong forms of dependence across long distances in
the model. On the other hand, the converse statement
is false. When the max-stable process Z∗ is station-
ary, then the spectral process V does not necessarily
have to be stationary. The most popular example
of this kind is the class of Brown–Resnick processes
(Section 3.2 below), which straddles a wider range of
mixing and ergodicity behaviours.

Spectral processes V , for which the resulting pro-
cess Z∗ becomes stationary, have been termed Brown–
Resnick stationary in [73] (albeit on the Gumbel scale
therein). [79] provide a geometric interpretation and
characterization of this concept. Alternatively, the
construction of mixed moving maxima (M3) processes
(Section 3.1) reminds us that there are other repre-
sentations of max-stable processes that will directly
guarantee stationarity.

3.1 Mixed moving maxima

The following modification of the classical spectral
representation that we have encountered above goes

back to the pioneering spatial extremes manuscript
[123]. It introduces what we nowadays call a mixed
moving maxima (M3) process

Z∗(s) = max
k≥1

Γ−1
k Fk(s− Sk), s ∈ S.

Here, (Γk,Sk)k≥1 is a measurable enumeration of a
Poisson point process whose intensity measure is the
Lebesgue measure on (0,∞)×Rd and, independently,
(Fk)k≥1 are independent copies of a non-negative
stochastic process F satisfying the integrability con-
dition E{

∫
Rd F (h)dh} = 1. In the special case that

F ≡ f : Rd → [0,∞) is deterministic, the resulting
process Z∗ is a moving maxima (M2) process.

By construction M3 processes are stationary with
finite-dimensional distributions

− log P{Z∗(si) ≤ ui for i ∈ {1, 2, . . . ,m}}

= E

{∫
Rd

max
i=1,...,m

F (si − h)

ui
dh

}
for s1, . . . , sm ∈ S and u1, . . . , um > 0.

In the M2 case, any multivariate density function
on Rd will satisfy the integrability constraint for y.
For example, [123] proposed the multivariate normal
or multivariate t distributions for f . When f is cho-
sen multivariate normal, the resulting M2 process Z∗

is also known as the Smith process. In practice, M2
processes have rather smooth sample paths for such
straightforward choices for F and are therefore usu-
ally not considered as a serious competitor to some al-
ternative suggestions with more practically motivated
properties.

Whilst historically M3 processes were the first pro-
posed stationary models for max-stable processes, the
interest in M3 processes is nowadays more of a theo-
retical nature, as they turn out to play a crucial role in
the ergodic theory for max-stable processes. Several
articles [70, 142, 141, 40] study the Hopf decomposi-
tion of a stationary max-stable process and show that
the purely dissipative part is precisely of M3 type.
[40] establish further criteria for the existence of an
M3 representation. If we are given a stationary simple
max-stable process Z∗ with spectral process V in the
sense of Theorem 2.1, it has an M3 representation if
and only if∫

Rd

V (h)dh < ∞ almost surely,

a condition, which is surprisingly equivalent to
limh→∞ V (h) = 0 almost surely in this context.
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Figure 2: Three simulations of Brown–Resnick processes with variogram γ(h) = ∥h∥α on the grid
{0, 0.05, . . . , 5}2 for three different values of α ∈ {0.5, 1.0, 1.5}. Marginal distributions have been transformed
to standard Gumbel margins.

3.2 Brown–Resnick processes

Brown–Resnick processes are often considered an ana-
log of Gaussian processes in the max-stable world, as
they come along with many useful properties inher-
ited from their underlying Gaussian structure.

Let W = {W (s)}s∈S be a Gaussian process with
zero mean and variance {σ2(s)}s∈S . Then the law of
the simple max-stable process Z∗ that arises from the
spectral process

V (s) = exp

{
W (s)− σ2(s)

2

}
, s ∈ S, (8)

depends only on the variogram

γ(s1, s2) = E
[
{W (s1)−W (s2)}2

]
,

cf. [71]. Note that Gaussian processes with different
covariance functions may share an identical variogram
and therefore lead to the same max-stable process Z∗.
Such processes are (up to location and scale normal-
ization) the only possible limit laws of maxima of tri-
angular arrays of Gaussian processes [58, 71]. The
multivariate marginal distributions of Z∗ are Hüsler–
Reiss distributions [67], that is,

− log P{Z∗(si) ≤ ui for i ∈ {1, 2, . . . ,m}}

=

m∑
i=1

1

ui
Φm−1

(
y(i) ; Σ(i)

)
,

where Φm−1(y
(i),Σ(i)) is the cumulative distribution

function of the centered multivariate normal distribu-
tion with (m− 1)× (m− 1) covariance matrix

Σ
(i)
jk =

γ(si, sj) + γ(si, sk)− γ(sj , sk)

2
√
γ(si, sj)

√
γ(si, sk)

,

j, k ∈ {1, . . . ,m} \ {i}

evaluated at

y
(i)
j =

√
γ(si, sj)

2
+

log(uj/ui)√
γ(si, sj)

,

j ∈ {1, . . . ,m} \ {i},

cf. [83, 60, 75]. Its tail dependence function and ex-
tremal coefficient function are given by

χ = 2Φ(
√
γ/2) and θ = 2Φ(

√
γ/2),

or, alternatively, χ = 1 − δ and θ = 1 + δ, where
δ = erf(

√
γ/8) and erf denotes the error function,

cf. also Figure 3.
If the underlying Gaussian process W has station-

ary increments, that is, the law of {W (h + s0) −
W (s0)}h∈Rd does not depend on the choice of s0 ∈
Rd, then the resulting max-stable process Z∗ is sta-
tionary [73]. In other words, the spectral process (8) is
then Brown–Resnick stationary. In fact, it was Brown
and Resnick [9] who considered the special case of W
being a Brownian motion on the real line already in
the 1970s. This explains, why we are calling max-
stable processes of this kind nowadays Brown–Resnick
processes.

More generally, the most prominent examples of
Gaussian processes that lead to Brown–Resnick sta-
tionary spectral processes (8) are fractional Brownian
sheets. Their variogram family is given by

γ(h) = ∥h/c∥α, h ∈ Rd, α ∈ (0, 2], c > 0. (9)

Here, the parameter α controls the local smoothness
of Z∗; the larger α, the smoother the sample paths
(on piecewise patches). Figure 2 illustrates this phe-
nomenon. The case α = 2 is a special case that re-
covers the (isotropic) Smith process, cf. Section 3.1.

In general, any variogram γ defines a Brown–
Resnick process Z∗ via the construction above, and
different variograms will lead to different laws of

7



Brown–Resnick processes. A Brown–Resnick process
is identified by its variogram. In order to be a valid
variogram model, a function γ : S ×S → [0,∞) must
satisfy γ(s, s) = 0 for s ∈ S and it needs to be condi-
tionally negative definite, that is,

m∑
i=1

m∑
j=1

aiγ(si, sj)aj ≤ 0

for all s1, . . . , sm ∈ S, a1, . . . , am ∈ R with a1 + · · ·+
am = 0, m ∈ N.

Brown–Resnick processes have become a popular
modelling class for extremal phenomena due to a num-
ber of desirable properties. They are characterized
by a bivariate quantity (its variogram); their sample
paths look realistic for environmental processes; they
are quite flexible in their behaviour (local smoothness,
ergodicity/mixing behaviours) – for instance, [40] con-
struct a stationary Brown–Resnick processes which is
ergodic, but not mixing; and it is well-understood how
these behaviours are linked to the characterizing var-
iogram.

3.3 Extremal-t processes

Another class that is built on Gaussian processes in
the spectral representation, is the class of extremal-t
processes, whose spectral representation is given by

V (s) = cνW (s)ν+, s ∈ S. (10)

Here, W = {W (s)}s∈S is a Gaussian process on S
with standard normal margins and x+ = max(0, x),
ν > 0 is a degrees of freedom parameter for a t-
distribution (as we shall see below) and multiplication
with the constant

cν =

√
π 21−ν/2

Γ{(ν + 1)/2}
,

where Γ denotes the gamma function, ensures that the
resulting max-stable process Z∗ has standard Fréchet
margins.

In principle, we might allow W to have any corre-
lation function ρ : S × S → [−1, 1] with ρ(s, s) = 1
for s ∈ S and which is positive semi-definite, i.e.

m∑
i=1

m∑
j=1

aiρ(si, sj)aj ≥ 0

for all s1, . . . , sm ∈ S, a1, . . . , am ∈ R, m ∈ N. This
setup will always lead to a (not necessarily stationary)
max-stable process Z∗ based on the spectral process
(10).

If the underlying Gaussian process W is station-
ary, so is the resulting spectral process V , and it fol-
lows that the resulting max-stable process Z∗ must be
stationary, too. A popular class of correlation models
is, for instance,

ρ(h) = Cov{W (s+ h),W (s)} = exp{−∥h/c∥α},
h ∈ Rd, α ∈ (0, 2], c > 0.

More generally, one could work with ρ(h) =
exp{−γ(h)}, where γ is any variogram [55] or, alter-
natively, with compactly supported correlation func-
tions [53].

Originally explored in the language of copulas
[33, 83], the extremal-t model was introduced to spa-
tial statistics for extremes by [24], while [96] recog-
nized its max-stable process nature, its spectral repre-
sentation and its role as max-stable limit for processes
with elliptical marginal distributions, which exhibit
asymptotic dependence. For ν = 1, the extremal-t
process is also known as Schlather model or extremal
Gaussian model [115]. If we set ρ = exp(−γ/(2ν)) ∼
1 − γ/(2ν) and let ν → ∞, we retrieve the Brown–
Resnick process for the variogram γ [83, 24].

The multivariate marginal distributions of Z∗ are
given by

− log P{Z∗(si) ≤ ui for i ∈ {1, 2, . . . ,m}}

=

m∑
i=1

1

ui
tm−1,ν+1

(
y(i) ; Σ(i)

)
,

where tm−1,ν+1(y
(i),Σ(i)) is the cumulative distribu-

tion function of the centered multivariate t distribu-
tion with ν+1 degrees of freedom and (m−1)×(m−1)
scale matrix

Σ
(i)
jk =

ρ(sj , sk)− ρ(si, sj)ρ(si, sk)√
1− ρ2(si, sj)

√
1− ρ2(si, sk)

,

j, k ∈ {1, . . . ,m} \ {i}

evaluated at

y
(i)
j =

√
ν + 1√

1− ρ2(si, sj)

{(
uj

ui

)1/ν

− ρ(si, sj)

}
,

j ∈ {1, . . . ,m} \ {i},

cf. [83, 96]. Hence, its tail dependence function and
extremal coefficient function are given by

χ = 2tν+1

(√
(ν + 1)

1− ρ

1 + ρ

)
and

θ = 2tν+1

(√
(ν + 1)

1− ρ

1 + ρ

)
,

or, alternatively, χ = 1 − δ and θ = 1 + δ, where
δ = I(1−ρ)/2(1/2, (ν + 1)/2) and Ix(a, b) denotes the
regularized incomplete beta function.

Figure 3 illustrates the dependence of θ on the
correlation function ρ and degrees of freedom ν. It
is worth noting that correlation functions of isotropic
random fields on Rd are bounded from below by the
minimum of

Ωd(r) = Γ(d/2)

(
2

r

)(d−2)/2

J(d−2)/2(r), r ≥ 0,

(11)
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where J(d−2)/2 is a Bessel function of the first kind ,
as such correlation functions arise as scale mixtures
of these functions [117, 54]. Specifically, this leads
to ρ ⪆ −0.403 in dimension d = 2 and ρ ⪆ −0.217
for d = 3. Both lower bounds have been added as
vertical lines in Figure 3. For a fixed ν > 0 they
lead to upper bounds on the extremal coefficient func-
tion θ. For the Schlather model (ν = 1), this means
θ ⪅ 1.837 for d = 2 and θ ⪅ 1.780 in dimension
d = 3 (horizontal lines). Hence, extremal-t processes
exhibit dependence even across large distances. They
cannot be ergodic, cf. Section 2.4. On the other hand,
the bound for θ increases with ν. So one might ob-
serve that within practically relevant ranges this kind

of long-range dependence will not be very restrictive
and can be dealt with by a sufficiently large ν.

After all, both classes of processes (extremal-t and
Brown–Resnick) share similar properties as parsimo-
nious models with some realistic features inherited
from underlying Gaussian processes and modeled by a
bivariate quantity (correlation or variogram function).
From a theoretical angle, the class of Brown–Resnick
process can be more appealing due to its broader
range of ergodicity behaviours. From a practical point
of view, the extremal-t process might be preferred as
a richer more flexible class of models as it (almost)
includes the Brown–Resnick class for large values of
ν.

Figure 3: The bivariate extremal coefficient function θ is a function of the variogram γ in the case of the
Brown–Resnick process (left, cf. Section 3.2) and a function of the correlation ρ and the degrees of freedom ν
for an extremal-t process (right, cf. Section 3.3). The vertical gray lines mark the lower bounds for a correlation
function of an isotropic random field in R2 and R3, respectively, cf. (11).

3.4 Reich–Shaby model and general-
izations

In geostatistics it is common to include a nugget ef-
fect in the modelling of physical processes represent-
ing small-scale noise in the data. If we consider the
Gumbel scale to be appropriate for additive noise,
this will lead to multiplicative noise on Fréchet scales.
Let V = {V (s)}s∈S be a classical spectral process in
the sense of de Haan’s spectral representation (Theo-
rem 7) and, independently, let {ε(s)}s∈S be indepen-
dent copies of a standard Fréchet variable. Then the
simple max-stable process

Z(p)(s) = max
k≥1

Γ−1
k V

(p)
k (s), s ∈ S,

that is based on the noisy spectral process

V (p)(s) =
ε(s)1/p

Γ(1− 1/p)
· V (s), s ∈ S,

for some p ∈ (1,∞) can be interpreted as a noisy ver-
sion of the original process Z∗ from (7), where the

parameter p ∈ (1,∞) determines the strength of the
nugget effect. The process Z(p) inherits stationarity,
ergodicity and mixing behaviour from its denoised
counterpart Z∗ [85]. Its marginal distributions are
generalized logistic mixtures [48, 49]

− log P{Z(p)(si) ≤ ui for i ∈ {1, 2, . . . ,m}}

= E

[
m∑
i=1

{
V (si)

ui

}p
]1/p

.

At first sight it may surprise that the process Z(p) al-
lows not only for a classical max-series representation,
but also for an ℓp-norm based representation [85]

Z(p)(s) =
ε(s)1/p

Γ(1− 1/p)
·
[∑
k≥1

{
Γ−1
k Vk(s)

}p
]1/p

, s ∈ S,

where, as before, (Γk, Vk)k≥1 are the arrival times of a
unit rate Poisson process on (0,∞) with independent
markings from the law of V . This representation can
be revealed, for instance, by a simple conditioning ar-
gument and related interpretations of this model in
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terms of latent stable random vectors that have been
brought together in [48, 49].

Moreover, Z(p) coincides with a max-stable pro-
cess proposed by Reich and Shaby [104] if we choose
V uniformly distributed on a set of L deterministic
non-negative weight functions Lwj = {Lwj(s)}s∈S ,
j ∈ {1, 2, . . . , L}, where w1(s)+w2(s)+ · · ·+wL(s) =
1. In other words,

V (s) = LwJ(s) = L

L∑
j=1

wj(s)1J=j , s ∈ S,

for J uniformly distributed on {1, 2, . . . , L}. In this
case

Z(p)(s) = ε(s)1/p ·
{ L∑

j=1

Bjw
p
j (s)

}1/p

, s ∈ S,

where

Bj =

{
L

Γ(1− 1/p)

}p ∑
k≥1

Γ−p
k 1Jk=j , j ∈ {1, . . . , L},

are independent and identically distributed
(sum-)stable random variables with Laplace trans-
form E{exp(−tBj)} = exp(−t1/p) (as follows from
[112, Theorem 1.4.5 and Corollary 3.5.4.]), and

− log P{Z(p)(si) ≤ ui for i ∈ {1, 2, . . . ,m}}

=

L∑
j=1

[
m∑
i=1

{
wj(si)

ui

}p
]1/p

.

Besides the flexibility offered through modelling the
strength of a nugget effect, the Reich–Shaby model
and its generalizations enjoy the advantage of a
tractable likelihood and the model can be interpreted
via latent stable variables [48, 49]. In particular, this
makes them suitable for the inclusion in hierarchical
Bayesian models [104, 105, 126].

3.5 Further remarks on model build-
ing

Naturally, many more ideas have been proposed and
explored, not all of which can be addressed here. For
instance, [115, 22, 129] consider the stationary trun-
cation by a random compact set. Spatial deforma-
tions such as those arising from anisotropies may be
incorporated in the modelling by replacing underly-
ing variograms γ(h) and correlation functions ρ(h) by
γ(Ah) and ρ(Ah), where the mapping A accounts for
the desired spatial deformation. While a linear trans-
formation A still preserves stationarity, more general
non-linear transformations can be introduced to al-
low for non-stationarity [145]. Other approaches for
modelling non-stationarity include, for instance, em-
beddings into climate or latent spaces [8, 16] or the
use of the non-stationary dependence model by [97]

for extremal-t processes [63]. The heavy reliance of
the most common models on (symmetric) Gaussian
or t-distributions may be overhauled through the in-
troduction of skewed versions when deemed more ap-
propriate from inspection of the data [6, 5].

4 Statistical inference

The last two sections gave an insight into the rich the-
ory around max-stable processes. In this section we
get back to their role in statistical practice. Naturally,
such an endeavor can only be indicative here, as each
research question comes along with its own context;
it will be critical to be guided by domain knowledge.
However, to make this more specific, let us recall our
introductory illustrative examples from Section 1, in
short: Is there a higher than 1% chance of a joint
temperature exceedance for the three regions during
one summer (“joint exceedance” meaning “exceedance
within the same fortnight”)? and What does a “one
in 1000 years” wind event look like for the bridge?

A priori, we need to check a few prerequisites to
ensure that max-stable processes are an appropriate
model to answer the practical question at hand. These
include:

• Is it a question about extreme values that in-
volves extrapolation far into the tail of a distri-
bution?

• Is spatial modelling needed? Can the question
of interest be expressed in terms of the joint dis-
tribution of maxima across space?

• Does the assumption of asymptotic dependence
between different sites seem justified (cf. also
Chapter 8 for diagnostic tools based on χ and
θ)?

If we can answer these questions with “yes”, we might
proceed with a block maxima approach as follows.

4.1 The block maxima paradigm

As in the univariate and multivariate situation, the
key idea is that max-stable distributions approximate
the distribution of block maxima, where the blocks
are built in the time dimension. Let us assume that
X1, X2, . . . , XN are independent replicates of a spa-
tial stochastic process X = {X(s)}s∈S , which is in
the domain of attraction of a max-stable process. If
N = bn for a sufficiently large block size n (for a bet-
ter readability we omit the possibility of incomplete
blocks and remainders), the collection of b block max-
ima

MX
n,i(s) = max

{
X(i−1)n+1(s), X(i−1)n+2(s),

. . . , X(i−1)n+n(s)
}
, s ∈ S,
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for i ∈ {1, . . . , b} may be considered a sample of an
approximating max-stable process

Zn(s) = µn(s) + σn(s)
Z∗(s)ξ(s) − 1

ξ(s)
, s ∈ S,

cf. (2).
The choice of the block size n versus sample size

b among N available consecutive time points consti-
tutes a bias-variance trade-off . The block size n needs
to be large enough in order to justify the approxima-
tion with the limiting model Zn. At the same time the
number of blocks b = N/n needs to be large enough
in order to have a sufficiently large sample from Zn

for inference on the parameters of the model. The
assumption of independence of the (Xi)i=1,...,N can
be relaxed, as long as the block maxima (MX

n,i)i=1,...,b

are independent and the effective block size ñ ≤ n
remains large enough.

Classical environmental applications consider b
annual maxima of daily observations (n ≈ 365) or b
annual maxima of daily observations of a specific sea-
son only, e.g. [8, 12, 122, 131]. Accordingly, this kind
of inference can seem a rather inefficient use of data.
Moving to a smaller block size can often be justified
and mitigate the inefficiency. For instance, [42] con-
sider three-day maxima of summer wind speeds and
[95] 14-day summer temperature maxima for Dutch
inland stations. In any case, diagnostic checks for
violation of independence between consecutive block
maxima, validation of the approximation and sensi-
tivity checks for the block size are imperative. Some
elementary ones are included in Section 6.

Specifying a model In practice, the process X
(and thereby its associated maxima process MX

n ≈
Zn) will only be measured at a finite number of sites
s1, . . . , sm ∈ S, while questions of interest concern
the entire region S, hence also ungauged sites. If the
approach above should provide meaningful answers
to these, spatial modelling for the marginal GEV pa-
rameter functions µn(s), σn(s) and ξ(s) will need to
be included as well. This in itself may lead to many
interesting research questions in applications, cf. also
Chapter 6 and [146], or more generally, [4] Section 4.3.
One of the most basic approaches assumes the ex-
treme value index ξ(s) constant across S, while the
location and scale functions µn(s) and σn(s) are mod-
elled as smooth functions of relevant spatial covariates
that are known across the entire region S. Finally, one
needs to choose a model for the residual spatial depen-
dence, which occurs in the form of a simple max-stable
process Z∗ in the above formulation of Zn. Section 3
accumulates some popular models alongside an inter-
pretation of their parameters.

Answering the original questions – the road
ahead Before proceeding with further details on fit-
ting a max-stable model to data, let us briefly reflect

on how to close the loop to the original questions (Sec-
tion 1). Let us assume for a moment that MX

n = Zn

and that we can perfectly estimate all its parameters
correctly.

Joint temperature exceedance Suppose that the
block length is a fortnight, i.e. n = 14 (days),
and that each summer consists of 6 such fort-
nights (if we have a record of 30 years of data,
this would amount to b = 6 · 30 = 180 blocks
available for the estimation). The probabil-
ity of a joint temperature exceedance above
τ = 40◦C for the three non-overlapping regions
S1,S2,S3 ⊂ S in a summer fortnight can then
be calculated as

p = P

{
max
s∈S1

Zn(s) > τ ,

max
s∈S2

Zn(s) > τ ,

max
s∈S3

Zn(s) > τ

}
, (12)

which leads to a probability of a joint ex-
ceedance during a given summer (six of such
consecutive fortnights) of 1− (1− p)6 ≈ 6p, i.e.
the answer to our original question.

Wind speeds across a bridge In this example, let
us assume that the block length is n = 7 days
and that each summer consists of 12 such weeks
(if we have a record of 25 years of data, this
would amount to b = 12 · 25 = 300 blocks avail-
able for the estimation). Then the interest lies
here on the(

1− 1

12 · 1000

)
-quantile

of the random variable

max
s∈S

Zn(s). (13)

In practice, we need to estimate the parameters of Zn

first (see the remainder of this section). Second, since
no closed-form expressions exist for the distribution of
the (joint) spatial maxima of Zn, our actual answers
will depend on simulations from the fitted model for
Zn on a sufficiently dense grid (Section 5). Naturally,
each step of the inference (including the approxima-
tion MX

n ≈ Zn) comes along with its own kind of
uncertainty leading to uncertainties in the final out-
puts.

4.2 Likelihood-based inference

In principle, one could follow again the paradigm of
treating marginal GEV parameters and dependence
parameters of Z∗ separately also for the estimation.
Even, when using the (wrong) independence likeli-
hood for estimation of the marginal GEV parameters,
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the resulting estimators have been shown to be consis-
tent and asymptotically normal for ξ > −0.5 [10, 15];
and the 2-step procedure can seem appealing to re-
duce the computational cost. On the other hand, the
1-step procedure (joint estimation of all parameters)
is typically more suitable to assess the uncertainty of
the estimates.

Either way, one has to deal with the combinato-
rial explosion of the likelihood function for the dis-
tribution of (Z∗(s1), Z

∗(s2), . . . , Z
∗(sm))T. If P de-

notes the set of partitions π = {A1, . . . , A|π|} of
{1, 2, . . . ,m} and uA = {ui}i∈A, then its m-variate
density fs1,...,sm

(u1, . . . , um) is given by

e−V ∗(u1,...,um)
∑
π∈P

∏
A∈π

{
− ∂

∂uA
V ∗(u1, . . . , um)

}
,

(14)

where the exponent function V ∗(u1, . . . , um) equals
(3). Even for moderate number of sitesm, saym = 16
stations, we would arrive already at more than 10 bil-
lion (!) summands.

Two main strategies have evolved. On the one
hand, composite likelihood techniques [78, 135] re-
place the full likelihood by a combination of likeli-
hood terms of lower order to achieve computational
efficiency. Despite the misspecification of the model,
this strategy leads to consistent estimators under mild
regularity conditions if the parameters are identifi-
able. The most common choice in this context is
a pairwise likelihood approach [98], whose impleme-
nation is readily available in R [102] in the package
SpatialExtremes [108]. The pairwise composite log-
likelihood for data uij = MX

n,i(sj) from b independent
blocks at m sites s1, . . . , sm is

b∑
i=1

∑
(j,k)

w(sj , sk) log fsj ,sk
(uij , uik), (15)

where the second sum goes through all ordered pairs
(j, k) in {1, . . . ,m} and the function w : S × S →
[0,∞) may reweigh the contribution of information
from each pair (sj , sk). Uncertainty quantification
can be achieved either via resampling or from a sand-
wich variance matrix [23, 98]. Higher order compos-
ite likelihood inference and truncation strategies have
been considered comprehensively in [14], who investi-
gate and discuss practical compromises between com-
putational feasibility and estimator variance.

The second strategy is based on the observation
that the complicated form of the likelihood (14) is
due to the loss of information on occurrence times
of maxima [124]. If we knew for each spatial maxi-
mum MX

n (sj) = max{X1(sj), . . . , Xn(sj)} the time
within the block when the maximum occurred, then
we could retrieve a partition of the spatial sites into
sets A whose maxima {MX

n (sj)}j∈A arose from the
same event. In the approximating limiting process

this partitioning problem is related to a similar phe-
nomenon in the construction of the spectral represen-
tation, cf. Figure 1. For each realization of Z∗, the un-
derlying space S can be partitioned into (not necessar-
ily connected) sets A, so that on A only one and the
same underlying spatial profile Γ−1

k Vk contributes to
the final maximum process Z∗. Knowledge of the cor-
responding partition π for the site labels {1, . . . ,m}
would then render all other summands for other parti-
tions in the likelihood (14) irrelevant. More precisely,
the augmented joint density fs1,...,sm;Π(u1, . . . , um;π)
of (Z∗(s1), . . . , Z

∗(sm))T and the random partition Π
on Rm × P is of the form

e−V ∗(u1,...,um)
∏
A∈π

{
− ∂

∂uA
V ∗(u1, . . . , um)

}
, (16)

so that the likelihood (14) arises as marginal likeli-
hood of (16) integrated over all possible partitions.
[124] suggest to employ the augmented likelihood (16)
making use of the partition obtained from observed
discrete occurrence times in block maxima. However,
as noted in [61, 139], the resulting maximum likeli-
hood estimator can be heavily biased. As an alter-
native, (16) can be used for inference based on the
full likelihood treating the partition as hidden vari-
able. For instance, maximum likelihood estimation
can be performed via an Expectation-Maximization
(EM) algorithm [62], while a Bayesian framework al-
lows for sampling from the marginal posterior distri-
bution [36, 131].

More recently, alternative composite likelihood
techniques have been introduced for statistical in-
ference for max-stable processes; [144] show compu-
tational gains from symbolic data analysis, [65] in-
vestigate advantages from the Vecchia approximation
[137], and [56] propose a hybrid-approach that in-
volves spatial partitioning, local modeling with cen-
sored pairwise likelihoods combined with moment-
type inference.

4.3 Other approaches

Although most inference for max-stable spatial data
has been based on likelihood techniques, other ap-
proaches have been explored. For instance, [45] avoid
knowledge of the likelihood by considering approxi-
mate Bayesian computation, or [77, 111] take advan-
tage of neural networks for inference for intractable
likelihoods such as (14). In practice, we will never en-
counter data that are exactly from a max-stable pro-
cess. It is more realistic to assume that the underlying
data generating process is in the domain of attraction
of such a process, cf. Section 2.3. The M-estimator of
spatial tail dependence [42] is a generic moment-type
estimator that has been proven to be consistent and
asymptotically normal under quite general domain-of-
attraction conditions. Other approaches based on sin-
gle extreme events or threshold exceedances include
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[3, 43, 44, 133, 140].

5 Simulation

Since closed-form expressions for functionals of in-
terest such as (12) or (13) are in most cases not
available for max-stable processes, statistical analy-
sis will usually involve simulation from the respec-
tive spatial distributions on a sufficiently dense grid
G = {s1, . . . , s|G|}. We distinguish unconditional and
conditional simulation.

In the conditional case, information on the values
of the max-stable process is already available at a set
of conditioning sites C = {s1, . . . , s|C|} for |C| < |G|.
Besides this classical setting, where values of the max-
stable process are assumed to be available at specific
sites, also other information such as spatial averages
over subregions could be included, see [86] for an ap-
plication to downscaling.

5.1 Unconditional simulation

Existing (unconditional) simulation approaches have
been compared systematically in [95]. Due the
marginal transformation (2) we can restrict our atten-
tion to the simulation of simple max-stable processes
of the form Z∗ as in Theorem 2.1. The literature is
governed by two main ideas.

Threshold stopping The first approach goes back
to [115] and exploits that the arrival times (Γk)k≥1 in
de Haan’s spectral representation form a renewal pro-
cess with exponential inter-arrival times. Hence, the
sequence of (Γk)k≥1 will eventually surpass any given
bound, and we would expect the contributions of the
spatial profiles Γ−1

k Vk to the final maximum process
Z∗ to decrease in k until it becomes negligible or even
irrelevant.

If the spectral process V has an almost-sure upper
bound, say τ , on the simulation domain G, then a new
spatial profile Γ−1

k+1Vk+1 cannot contribute anymore
to the final maximum process Z∗ (nor can any of the
next ones with index k+2, k+3, . . . ) if the infimum
(over G) of the maximum of the first k contributions,

inf
s∈G

max
j=1,...,k

Γ−1
j Vj(s),

lies already above Γ−1
k+1τ . Using this criterion as a

stopping rule, and declaring the first such k as stop-
ping time K, we have (cf. [89, 95])

E(K) = τ E
{
1/ inf

s∈G
Z∗(s)

}
. (17)

Now let us recall that for a given max-stable pro-
cess Z∗, the spectral process V in de Haan’s rep-
resentation is not uniquely determined by the law
of Z∗. In many cases, the most natural process V
may not even have an almost-sure upper bounded

and we may have to consider alternative spectral
processes for Z∗. Two canonical candidates emerge
from the normalized spectral processes V r from (5);
if we consider r(v1, . . . , v|G|) = max(v1, . . . , v|G|) (sup-
normalization), V r has upper bound τ = θG (the
extremal coefficient of the simulation domain); if
we consider r(v1, . . . , v|G|) = v1 + · · · + v|G| (sum-
normalization), V r has upper bound τ = |G|. Sup-
and sum-normalizations have been introduced in this
context by [92] and [34, 35], respectively, where the
focus of [34] lies on Brown–Resnick processes.

If one has to decide among a range of spectral
processes V that are in principle available to simu-
late from for a given process Z∗, the general trade-
off lies in weighing the computational cost of simu-
lating from a specific spectral process V against the
cost of obtaining Z∗ from simulations of V . For in-
stance, although θG ≤ |G|, it may be more difficult
to simulate from the sup-normalized spectral process
than from the sum-normalized one. In the case of
Brown–Resnick processes, if one uses the generic re-
jection sampling approach of [26] to obtain samples
from the sup-normalized spectral process, one can ex-
pect a similar overall effort for simulation from either
sum- or sup-normalized representation to obtain sam-
ples from Z∗. On the other hand, efficiency gains to
obtain samples from the sup-normalized V r have been
proposed in [57, 91].

In practice, it can pay off to deliberately termi-
nate a simulation with the sum-normalized thresh-
old stopping procedure earlier at a significantly lower
threshold than τ = |G|. In the case of Brown–Resnick
and extremal-t processes this strategy has been found
to lead to a significantly reduced computational cost
with almost negligible loss of accuracy [94, 95]. How-
ever, one should then conduct a range of diagnostic
checks on the collection of obtained samples before
using them to answer questions of interest.

Extremal functions When building the max-
stable process Z∗ as in de Haan’s spectral represen-
tation, typically only very few spatial profiles φk =
Γ−1
k Vk will actually contribute to the final maximum

process, cf. Figure 1. The contributing φk have been
termed extremal functions and the non-contributing
ones subextremal. Based on theoretical results from
[38] on conditional independencies among the involved
point processes, [35] show that is is possible to derive
an exact simulation algorithm that goes iteratively
through all sites in the simulation domain G and sim-
ulates in each iteration the site-specific extremal func-
tion.

For sj ∈ G let φ
(j)
+ be the extremal function whose

value at sj coincides with Z∗(sj), and let V [j] = V r be
the point-evaluation-normalized spectral process with
V r as in (5) for r(v1, . . . , v|G|) = vj (which necessarily

satisfies V [j](sj) = 1 almost surely due to marginal
standardization). Then the following recursive proce-
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dure can be employed to obtain a sample from Z∗:

• First, simulate φ
(1)
+ as Γ−1

1 V [1].

• If the first j extremal functions φ
(1)
+ , . . . , φ

(j)
+

are already given and

Z
(j)
+ (sj+1) = max

{
φ
(1)
+ (sj+1), . . . , φ

(j)
+ (sj+1)

}
,

(18)

sampling from the conditional law L(φ(j+1)
+ |

φ
(1)
+ , . . . , φ

(j)
+ ) is similar to the threshold stop-

ping procedure above, but with the site-specific
spectral process V [j+1] (instead of any other
V ) and using an additional rejection rule and
an adapted stopping rule: A new proposal

Γ−1
k V

[j+1]
k is accepted as extremal function

φ
(j+1)
+ only if

Γ−1
k V

[j+1]
k (si) ≤ φ

(i)
+ (si), i = 1, . . . , j,

i.e., if it is in accordance with all previously sam-
pled extremal functions. Otherwise, the pro-
posal is rejected. The procedure stops once a

proposal is accepted or Γ−1
k = Γ−1

k V
[j+1]
k (sj+1)

falls below (18). In the latter case, the extremal

function φ
(j+1)
+ coincides with one of the previ-

ous ones.

The expected number of spectral processes V ∈
{V [1], . . . , V [|G|]} that need to be simulated for one
sample of Z∗ is |G| in this case. For Brown–Resnick
and extremal-t processes this translates into the same
expected number of Gaussian processes, and so the
extremal functions algorithm outperforms the sum-
and sup-normalized threshold stopping procedures in
this case, as realizations from {V [1], . . . , V [|G|]} are
easy to obtain. Similarly to the threshold stopping
approaches, an early termination of an adaptive sam-
pling strategy for the extremal functions approach will
typically lead to efficiency gains at almost negligible
cost of simulation accuracy, cf. [35]. In general, each
of these strategies (of threshold stopping or extremal
functions type) can outperform the others, depending
on the desired Z∗, desired efficiency and accuracy. A
more detailed discussion can be found in [95].

5.2 Conditional simulation

When the values Z∗(s1) = z1, . . . , Z
∗(s|C|) = z|C|

of the max-stable process Z∗ are already available,
this information should be taken into account. Simi-
larly to the extremal functions approach for uncondi-
tional simulation, conditional simulation approaches
are based on the theoretical results in [38] supple-
mented by algorithmic aspects developed in [39]. A
key element is the random partition Π of {1, . . . , |C|}
that is induced by the extremal functions. With this
in mind, conditional simulations can be obtained by
the following three-step procedure:

Step 1. Sample a partition π from L(Π |Z∗(s1) =
z1, . . . , Z

∗(s|C|) = z|C|): Up to a normalizing
constant, its probability mass function is ob-
tained from

P
{
Π = π

∣∣Z∗(s1) = z1, . . . , Z
∗(s|C|) = z|C|

}
∝ fs1,...,s|C|;Π(z1, . . . .z|C|;π), (19)

where fs1,...,s|C|;Π is the augmented likelihood in
(16). [39] suggest using a Gibbs sampler.

Step 2. Simulate the extremal functions {φ(A)
∗ }A∈π

conditional on the data from the previous step:

For A ∈ π the extremal function φ
(A)
∗ needs to

satisfy φ
(A)
∗ (si) = zi for all i ∈ A. Such a func-

tion can be obtained by conditional sampling
from the spectral process V [i].

Step 3. Simulate the remaining extremal functions
that are subextremal for the conditioning sites
C:
Due to conditional independence of extremal
and subextremal functions, all relevant subex-
tremal functions that could potentially con-
tribute to the maximum outside the condition-
ing points can be obtained from an independent
process {Z̃(s)}s∈S given by

Z̃(s) = max
k∈I−

Γ−1
k Vk(s), s ∈ S,

where

I− = {k ∈ N : Γ−1
k Vk(si) ≤ zi, i = 1, . . . , |C|}.

Samples from the process Z̃ can be obtained
in the same way as unconditional samples from
Z∗ (either via threshold stopping or the ex-
tremal functions approach) rejecting those func-
tions Γ−1

k Vk that do not satisfy the conditions
defining I−. A conditional sample from Z∗ is
then obtained as the pointwise maximum of the
extremal functions and the process Z̃, cf. also
[88] for more details.

6 Application

Besides numerous examples that are mostly concerned
with hydrological extremes, e.g. [1, 7, 12, 46, 103,
113, 114, 120, 118, 121, 125, 132, 134, 143], statisti-
cal inference that involves max-stable processes can
meanwhile be found across a broader spectrum of the
environmental literature. They appear, for instance,
in spatial models of temperature minima and maxima
[45, 76, 105, 119, 131], droughts [93], forest fire danger
[126], air pollution extremes [138], extreme ocean en-
vironments [69], snowfalls and snowdepths [8, 50, 82],
or wind gusts [17, 51, 90, 107].
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S1

S2

S3

Figure 4: Map of gauging stations 1–18 for Dutch temperature data and three regions S1, S2, S3 of interest
(left); estimated GEV location function µ̂(s) for sites s on an inland grid that is 15 km away from the Dutch
coast with grid distance approximately 2.5 km (right).

To provide a simple illustration of the steps of a
spatial data analysis as outlined in Section 4, let us re-
consider here the first hypothetical situation from Sec-
tion 1: We assume that health officials have identified
three regions S1, S2, S3 (Figure 4) to be of particular
concern, and we seek to determine the probability of
the following event: During one summer the temper-
ature is rising above 40◦C in all three regions during
the same fortnight. A similar analysis has been con-
ducted in [95]. Our analysis here is built on the same
publicly available data set of Dutch summer temper-
atures, which can be accessed in a preprocessed form
at

https://github.com/strokorb/

max-stable-spatial-inference

alongside all of the related code for this analysis.
Specifically, we use the same 180 block maxima over
14 day-periods over 30 summers (each summer con-
sists of 6 such blocks) at 18 stations s1, . . . , s18 ∈ S
(Figure 4), and we assume a max-stable process of the
following form as underlying data-generating mecha-
nism1:

Z(s) = µ(s) + (σ/ξ) ·
{
Z∗(s)ξ − 1

}
, s ∈ S,

where the location function µ absorbs geographical
information as

µ(s) = µ0 + µ1 longitude(s)

+ µ2 latitude(s)

+ µ2 altitude(s),

and Z∗ is an isotropic max-stable Brown–Resnick
process based on the power-variogram family (9),
which adds two more dependence parameters to the

model. Complementing the route taken in [95], where
marginals and dependence structure were estimated
in two steps using the GEV independence likelihood
and the M-estimator approach, we follow here a one-
step approach estimating marginal and dependence
parameters jointly using the pairwise composite like-
lihood approach with its implementation in the pack-
age SpatialExtremes (cf. Section 4). Weight factors
in the composite likelihood (15) were chosen such that
they down-weigh contributions of pairs with large ge-
ographical distance.

The resulting marginal GEV estimates are of
Weibull-type (ξ̂ ≈ −0.126 with standard error 0.032).
Figure 5 shows three QQ-plots of station-specific
block maxima after location-scale standardization
against the model quantiles of GEV(0, 1, ξ̂). Note
that we cannot expect the data to be as well aligned
with the diagonal as if we had fitted the marginal
GEV model separately based on the independence
likelihood. The estimated location function µ̂(s) is
displayed in Figure 4. As one might expect more
northerly locations or those closer to the coast ex-
perience generally cooler summer temperatures than
the southern inland regions.

Beyond marginal diagnostics, the next natural
step is a comparison of pairwise (or higher order) fea-
tures of the dependence model against non-parametric
estimates of such dependence features. Figure 6
displays the theoretical extremal coefficient function
θ(si − sj) obtained from the fitted model along-
side pairwise estimates of bivariate extremal coef-
ficients θ(si, sj) for the station pairs (si, sj). As
non-parametric estimator the F -madogram [19] has
been used here. Alternatively, one might consider
for instance the λ-madogram [81] or the Capéraà–

1For notational convenience we suppress the block size index n here that we used to keep track of earlier in (2).
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Fougères–Genest procedure of [13]; [116] suggest an
additional sequential correction procedure to ensure
self-consistency of such estimates. The overall rather
low range of extremal coefficients (below 1.3) confirms

our initial assumption of a strong extremal depen-
dence among high temperatures even across large dis-
tances of 250 km.

Figure 5: QQ-plots of location-scale transformed empirical quantiles versus model quantiles of GEV(0, 1, ξ̂) for
three stations.

Finally, in order to estimate

p = P

{
max
s∈S1

Z(s) > τ,max
s∈S2

Z(s) > τ,max
s∈S3

Z(s) > τ

}
,

for τ = 40◦C, we simulate 30 000 realizations from
the fitted max-stable process for Z on the same in-
land grid as in [95]. Numerical efficiency is achieved
by using the Dieker–Mikosch algorithm [34] with a
relative threshold of 10%. Within this procedure we
simulate Gaussian processes based on an incomplete
Cholesky-decomposition of the relevant kernel ma-
trix [74]. Since each summer consists of six 14-day
blocks, this corresponds to the simulation of data for
5 000 = 30 000/6 summers. Figure 7 displays three
such realizations on the entire grid. In view of our
original question, one can gain even more efficiency
by simulating the max-stable processes only on the

grid points of the three regions S1, S2, S3 in order to
obtain 30 000 samples from our estimated model for{

max
s∈S1

Z(s) , max
s∈S2

Z(s) , max
s∈S3

Z(s)
}
.

Scatterplots of the pairs from this vector are displayed
as well in Figure 7. Among these 30 000 sampled
events there are 153 with a joint exceedance of 40◦C.
Hence, we estimate p̂ = 0.0051 for the probability of
such an event and obtain 1− (1− p̂)6 ≈ 6p̂ ≈ 3% for
the chance of a summer, during which a temperature
record of 40◦C is broken simultaneously in all three
regions during a 14-day interval. If we interpret the
result for the first hypothetical situation from Sec-
tion 1, contingency plans would need to be adapted,
as the estimated chance exceeds the 2.5% level.
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Figure 6: Estimated extremal coefficient function of the fitted model (solid line) alongside non-parametric
estimates of extremal coefficients from station pairs based on the F-madogram (points).

Figure 7: Top row: Three samples from the fitted max-stable process; each simulation represents a field of
14-day maxima of summer temperatures; Simulation 2 is shown separately on a different color scale. Bottom
row: Scatterplots of pairs of 30 000 simulated areal 14-day summer temperature maxima across the regions S1,
S2, S3; data points that correspond to a joint exceedance of 40◦C across all three regions have been marked
with a red plus (+). Stars (∗) in magenta are taken from the original temperature data if we let stations 8, 9,
17 represent regions S1, S2, S3 (cf. Figure 4).
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Warning! Due to the indicative nature of this anal-
ysis, we have omitted several steps that are imperative
in any decision-relevant data analysis. This includes
proper uncertainty quantification, a more thorough
model validation, sensitivity checks for results and,
last but not least, more attention to domain knowl-
edge with relevance for the original question. Here
we have only considered a hypothetical situation for
illustrative purposes.

7 Concluding remarks

Max-stable processes are keeping the scientific com-
munity busy since several decades. In the 1980s and
early 1990s they entered the stage of probability the-
ory as the only limiting stochastic processes for max-
ima of stochastic processes under site-wise location-
scale normalization (Section 2). With the arrival of
suitable computational capabilities to simulate from
such models since the early 2000s (Section 5) and
the proposal of parsimonious spatial models that were
able to incorporate more and more realistically look-
ing features (Section 3), they have become increas-
ingly attractive as a geostatistical model (Section 6)
to answer questions about spatial tail extrapolation
as we have seen in Section 1. Most of the estimation
methodology has been introduced and refined since
the early 2010s (Section 4). In parallel, their ergodic
properties have been revealed (Section 2.4). Due to
their intimite links to regular variation and point pro-
cess theory further connections to time series analy-
sis or long-range dependence are still being explored,
cf. e.g. [68, 87, 100].

This chapter about max-stable processes puts an
emphasis on the knowledge that has been built sur-
rounding their use as a spatial geostatistical model
for tail regions. We have explored indicative ques-
tions (Section 1) and associated inference (Sections 4
and 6) to give an idea, when such a model may be
considered and how to carry out the steps involved.
Naturally, as with any statistical tool or modelling
paradigm, this does not go without warnings, nor do
we want to suggest to use the block maxima frame-
work as a default methodology. Rather, we consider
it an important benchmark, especially in situations
when data availability may be restricted to block max-
ima. Wherever possible, we have tried to emphasize
critical points concerning inference with max-stable
process. Beyond that we would like to draw atten-
tion to the recent opinion piece [64], which is a good
reminder why a statistical modeller should not fall in
love with just one model, and instead reflect on its
limitations and suitability. At the same time it is a
call to carry out extensive diagnostic checks.

To begin with, inference with and simulation from
max-stable models can be computationally challeng-
ing as we have seen in Sections 4 and 5 despite a range
of ideas how to navigate these difficulties. Often (not

only) the computational issues are better eased by
turning to a modelling paradigm based on a risk func-
tional exceeding a high threshold rather than stick-
ing with the block maxima framework (Chapter 16).
The theoretical grounds of such a threshold approach
are at least closely connected to the maxima conver-
gence (cf. Section 2.3). Further practical reasons to
turn to such an approach are summarised in [27]. On
the other hand, for good or for bad, a peaks-over-
threshold approach will also require the modeller to
answer a larger number of questions about the un-
derlying data generating processes that are linked to
event detections and related choices of risk function-
als and thresholds. In the univariate case [11] pro-
vide a comprehensive comparison between maxima
and threshold approaches. Several of their considera-
tions transfer to a spatial context. At the same time
spatial settings are much more complex, threshold-
based approaches still under-explored, and we may
encounter fitness for purpose questions on an even
more fundamental level.

After all, situations where we might involve spa-
tial models for extreme values are about extrapo-
lation into the tail regions of a stochastic process
(cf. our guiding questions from Section 1). For max-
stable models (this chapter) or threshold-stable mod-
els (Chapter 16) such extrapolation is guided by the
respective stability properties of these models that
amount to an underlying regular variation assump-
tion (Section 2.3). However, in many environmental
data examples, still observable levels of data in the tail
regions seem to exhibit less rigid tail behaviour. They
deviate from the hypothesized stability properties in
the sense that extreme events appear more localized
the more extreme they are. Spatial statistical models
which behave in this way have been loosely termed
sub-asymptotic models for spatial extremes; in this
book they are introduced in Chapter 17.

In practice, it may be difficult to distinguish these
different modelling regimes. For instance, it has been
noted in [46] that even simulated data from max-
stable models seem to exhibit asymptotic independent
behaviour, at least at large enough distances between
sites. To a certain extent the choice of model will al-
ways depend on either beliefs about the underlying
processes or risk preferences. Asymptotic dependent
models such as the stable ones will often lead to more
conservative estimates of tail probabilities. We antic-
ipate further research along the lines of these practi-
cally relevant decisions in years to come.
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[52] E. Giné, M. G. Hahn, and P. Vatan. Max-infinitely divisi-
ble and max-stable sample continuous processes. Probab.
Theory Related Fields, 87(2):139–165, 1990.

[53] T. Gneiting. Compactly supported correlation functions.
J. Multivariate Anal., 83(2):493–508, 2002.
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max-stable process conditional on a homogeneous func-
tional with an application for downscaling climate data.
Scand. J. Stat., 45(2):382–404, 2018.

[87] M. Oesting and A. Rapp. Long memory of max-
stable time series as phase transition: asymptotic be-
haviour of tail dependence estimators. Electron. J. Stat.,
17(2):3316–3336, 2023.

[88] M. Oesting, M. Ribatet, and C. Dombry. Conditional
simulation of max-stable processes. In D. K. Dey and
J. Yan, editors, Extreme Value Modeling and Risk Anal-
ysis: Methods and Applications, pages 215–238. CRC
Press, Boca Raton, 2016.

[89] M. Oesting, M. Ribatet, and C. Dombry. Simulation of
max-stable processes. In D. K. Dey and J. Yan, edi-
tors, Extreme Value Modeling and Risk Analysis: Meth-
ods and Applications, pages 195–214. CRC Press, Boca
Raton, 2016.

[90] M. Oesting, M. Schlather, and P. Friederichs. Statisti-
cal post-processing of forecasts for extremes using bivari-
ate Brown–Resnick processes with an application to wind
gusts. Extremes, 20(2):309–332, 2017.

[91] M. Oesting, M. Schlather, and C. Schillings. Sampling
sup-normalized spectral functions for Brown–Resnick
processes. Stat, 8(1):e228, 2019.

[92] M. Oesting, M. Schlather, and C. Zhou. Exact and fast
simulation of max-stable processes on a compact set us-
ing the normalized spectral representation. Bernoulli,
24(2):1497–1530, 2018.

[93] M. Oesting and A. Stein. Spatial modeling of drought
events using max-stable processes. Stoch. Environ. Res.
Risk Assess., 32:63–81, 2018.

[94] M. Oesting and K. Strokorb. Efficient simulation of
Brown–Resnick processes based on variance reduction of
Gaussian processes. Adv. in Appl. Probab., 50(4):1155–
1175, 2018.

[95] M. Oesting and K. Strokorb. A comparative tour
through the simulation algorithms for max-stable pro-
cesses. Statist. Sci., 37(1):42–63, 2022.

[96] T. Opitz. Extremal t processes: elliptical domain of at-
traction and a spectral representation. J. Multivariate
Anal., 122:409–413, 2013.

[97] C. J. Paciorek and M. J. Schervish. Spatial modelling
using a new class of nonstationary covariance functions.
Environmetrics, 17(5):483–506, 2006.

[98] S. A. Padoan, M. Ribatet, and S. A. Sisson. Likelihood-
based inference for max-stable processes. J. Amer.
Statist. Assoc., 105(489):263–277, 2010.

[99] M. D. Penrose. Semi-min-stable processes. Ann. Probab.,
20(3):1450–1463, 1992.
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